The main objective of this paper is the following two results. (1) There exists a computable bi-orderable group that does not have a computable bi-ordering; (2) There exists a bi-orderable, two-generated recursively presented solvable group with undecidable word problem. Both of the groups can be found among two-generated solvable groups of derived length 3.
Main results
A presentation G = X | R of a countable group is called recursively enumerable if the sets X and R ⊆ (X ∪ X −1 ) * are recursively enumerable. It is said to be computable presentation if the set {u ∈ (X ∪ X −1 ) * | u = G 1} is recursive, in which case we also say that G is computable with respect to the generating set X. Computable group is the one that has computable presentation. The concept of coputable groups was introduced by Rabin [8] and Mal'cev [6] .
Finitely generated groups that are computable with respect to a finite generating set are called groups with decidable word problem. A well-known property of groups with decidable word problem is that decidability of the word problem does not depend on the choice of finite generating set, hence, it is an intrinsic property of the group. This is in contrast with the general case of countable groups when the property of being computable depends on the choice of the generating set.
To formulate the first main theorem, we introduce the following definition which is a weaker form of left-and bi-orderings on groups.
Definition 1 (pre-order). For a given group G, we say that a binary relation on G is a pre-order if
• it is antisymmetric, i.e. g h and h g imply g = h;
• 1 g implies g −1
1;
• 1 g implies 1 g n for any n ∈ N.
If a group G possesses a pre-order relation, then we say that G is pre-orderable.
Notice that left-and bi-orders on groups are pre-order relations. Our next main result is the following.
Theorem 1.
There exists a two-generated bi-orderable computable group G that does not embed in any (countable) group with a computable pre-order relation. Moreover, G can be chosen to be a solvable group of derived length 3.
The question of Downey and Kurtz asked in [2] as Question 6.12 (ii) is as follows.
Is every computable orderable group isomorphic to computably orderable group?
For the case of left-orderable groups a negative answer was recently obtained by Harrison-Trainor in [4] . However, as the author mentioned in the abstract of [4] , the more general case of bi-orderable groups is left as open.
From Theorem 1 we immediately get the answer to the question of Downey and Kurtz for the general case of bi-orderable groups.
Corollary 1.
There exists a computable bi-orderable group G, which does not have a presentation with computable bi-order. G can be chosen to be twogenerated solvable group of derived length 3.
In [1] , Bludov and Glass showed that every left-orderable computable group embeds into a finitely presentable left-orderable group with decidable word problem.The combination of these two results with Theorem 1 immediately leads to yet another strengthening of the result of Harrison-Trainor as follows.
Corollary 2.
There exists a finitely presentable left-orderable group with decidable word problem without computable left-order.
Addressing the question of Downey and Kurtz, Solomon showed in [11] that for the class of abelian groups (i.e., for solvable groups of derived length 1) the answer to the question is positive, i.e. every bi-orderable computable abelian group possesses a presentation with computable bi-order. This result in combination with Corollary 1 leads to the following question. Is there a solvable left-orderable group with undecidable word problem?
The next theorem, in particular, answers this question.
Theorem 2.
There exists a two-generated recursively presented bi-orderable solvable group G of derived length 3 with undecidable word problem.
2 Recursively presented and computable groups as subnormal subgroups of finitely generated groups
The main technical tool of our paper is the following embedding theorem, which in a slightly weaker form, and using a slightly different language, is obtained in [3] .
Theorem 3. Let G = X be a group with countable generating set X = {x 1 , x 2 , . . .}. Then there exists an embedding Φ X : G ֒→ K into a two-generated group K = f, c such that the following takes place.
(a) K has a recursive presentation if and only if G has a recursive presentation with respect to the generating set X;
(b) K has decidable word problem if and only if G is computable with respect to the generating set X;
(e) If G is pre-, left-or bi-orderable, then so is K. Moreover, if with respect to the generating set X there is a computable order on G, then K has a computable order as well;
(f ) The membership problem for the subgroup
Corollary 3. A countable group G has a recursive presentation if and only if it is a subnormal subgroup of a two-generated group with recursive presentation such that the membership problem for the subgroup G is decidable in the large group.
Corollary 4.
A countable group G has a computable presentation if and only if it is a subnormal subgroup of a two-generated group with decidable word problem such that the membership problem for the subgroup G is decidable in the large group.
Corollary 5. A computable group G has a computable pre-, left-, or bi-ordering if and only if it is a subnormal subgroup of a two-generated group with computable pre-, left-, or bi-order, respectively, such that the membership problem for the subgroup G is decidable in the large group. Moreover, for any fixed computable order on G we can assume that the large group continues the order on G.
Remark 1.
We would like to mention that the computational properties of embedding Φ X essentially depend on the choice of the generating set X. In fact, in applications in Theorems 1 and 2, Theorem 3 is applied on groups isomorphic to 3 Proof of Theorem 1 Lemma 1. Let G be a finitely generated group with decidable word problem. Then G has a presentation with computable (pre-, left-, or bi-) order if and only if that order is computable with respect to any finite generating set.
Proof. Let us assume that
Then, by Corollary 5, there exists a two-generated group H = a, b such that G ≤ H, H has order H that continues the order G and is computable, and the membership problem for G ≤ H is decidable. Now let us assume that G is also generated by a finite set S = {s
±1 , b ±1 } * be such that they represent the elements s 1 , . . . , s n in G. Let φ : S * → X * be the map induces by s 1 → u 1 , . . . , s n → u n . Then, for any w 1 , w 2 ∈ S * , w 1 G w 2 is equivalent to φ(w 1 ) H φ(w 2 ). Therefore, since H is a computable order, we get that {(u, v) ⊆ S * × S * | u G v} is recursive as well. Since S is an arbitrarily chosen generating set, one direction of the lemma is proved. The other direction is trivial.
Lemma 2. If a finitely generated group has a computable pre-order, then the induced pre-order on any finitely generated subgroup is also computable Proof. Indeed, let G = S be a finitely generated group with a computable pre-order relation G , i.e. the set {u ∈ (S ∪ S −1 ) * | 1 G u} is recursive. Let H = X ≤ G be a finitely generated subgroup of G with the induced pre-order relation H (i.e. for h 1 , h 2 ∈ H, h 1 H h 2 if and only if h 1 G h 2 .) Then H is a computable relation with respect to the generating set X, because every word w ∈ (X ∪ X −1 ) * can be computably rewritten as a word v ∈ (S ∪ S −1 ) * such that w and v represent the same element of H. The last observation means that recursiveness of {u ∈ (S ∪ S −1 )
Let us fix a recursively enumerable and recursively inseparable pair (M, N ) of subsets of N. (For the existence of such a pair see [10, 9] .) Let M = {m 1 , m 2 , . . .} and N = {n 1 , n 2 , . . .} such that the enumerations are recursive.
Let P = {p 1 , p 2 , . . .} be the set of primes listed in its natural order. Now, let us consider the abelian group A ≃ ∞ i=1 Z i given by the presentation
Lemma 3. The presentation (1) is computable.
Proof. Indeed, any element of A can be presented as a word in the alphabet {a 
where ǫ i ∈ {±1}. If this word is not empty and it represents the trivial element, then it must contain a subword of one of the following forms: (a 2ni a
Since the set of primes is recursive and M and N are recursively enumerated, the set of subwords {(a 2ni a
±1 | i ∈ N} is recursive, hence, they can be computationally detected. Therefore, in order to check whether or not a word of the form (2) represents a trivial element of the group A, we can simply find the mentioned subwords and remove them until this procedure can not be continued. Since it is a computational procedure, the presentation (1) is computable. Now, let G be the group obtained after embedding the group A into a twogenerated group according to the embedding from Theorem 3 (we consider the embedding with respect to the presentation (1).) Let the embedding be Φ :
By the properties of the embedding of Theorem 3, G = x ±1 , y ±1 will have decidable word problem (part (b)), will be bi-orderable (part (e)), and will be solvable of derived length 3 (part (d)).
However, below we show that G does not possess any computable pre-order with respect to any presentation. First, notice that by Lemma 5, if G is a computable preorder on G with respect to some presentation, then it is a computable pre-order with respect to the generating set {x ±1 , y ±1 }, i.e. the set
is recursive. It follows from part (c) of Theorem 3 that there exist a computable map φ : N → {x ±1 , y ±1 } * such that φ(i) = u i ∈ {x ±1 , y ±1 } * is a word representing the element Φ(a i ) ∈ G. Therefore, the set
is recursive as well. However, since G is a pre-order relation, we have that N ⊆ L and M ∩ L = ∅. We get to a contradiction with the assumption that the pair (M, N ) is recursively inseparable. Therefore, G does not possess a computable pre-order with respect to any presentation. Now, let us show that the group G can never be embedded into a countable group with a presentation possessing a computable pre-order. Indeed, by contradiction assume that H is a countable group with a computable preorder H in which G is embedded. It follows from Lemma 5 that without loss of generality we can assume that H is finitely generated and the computability of H is with respect to (any) finite generating set. However, since G does not have any computable pre-order, by Lemma 2 we immediately reach a contradiction.
Proof of Theorem 2
Let us fix a recursively enumerated non-recursive set N = {n 1 , n 2 , . . .}. Let us consider the following presentation of the group
Since N is recursively enumerable, the presentation (3) is recursive. However, since a 2n = a 2n−1 is equivalent to n ∈ N and N is not recursive, we get that (3) is not computable. Now, let G be the embedding of A into a two-generated group G according to Theorem 3. Then, G is solvable of derived length 3 and is bi-orderable. By part (a) of Theorem 3, G is recursively presentable, by part (b), the word problem of G is undecdiable.
Proof of Theorem 3
The essential part of Theorem 3 can be found in [3] . However, for the sake of making the current work more self-contained and to eliminate confusion in terminological difference, we will briefly review some aspects of the results from [3] . Let G = X , where X = {x 1 , x 2 , . . .}, be the initial group. In order to construct the group from K of Theorem 3, first, we will describe an embedding of the group G into a subgroup L of the full wreath product GWr z , where z is an infinite cyclic group generated by z, as follows. Define the functions
If we regard the maps f i : z → G as elements of the wreath product GWr z , clearly, the subgroup L = f 1 , f 2 , . . . will be isomorphic to G, and the maps x i → f i will induce an embedding of the group G into GWr z . The next step is to embed the group L into a two generated subgroup K of the full wreath product LWr s , where s is another infinite cyclic group, generated by z, as follows.
Consequently, the map Φ X :
Notice that the final group K depends on the initial choice and enumeration of the generating set of G. This property is of essential importance for our applications, as the initial group G that we consider in applications is isomorphic to i Z i , and only for its particular presentation it leads to the desirable computational properties for the end group K.
Note that every word w from {f ±1 , s ±1 } * can be computationally rewritten in the form
where γ, γ i , β i , i = 1, . . . n, are some integers, such that w ′ represents the same element of K as w.
Lemma 4 (Lemma 4, [3]). The word w
′ from (4) represents the trivial element in G if and only if the following conditions take place.
• γ = 0,
takes trivial values on each point s µ , where µ ranges from −3 max{ γ 1 , . . . , γ n } to 3 max{ γ 1 , . . . , γ n },
Notice that for each γ, β ∈ Z, (f
Therefore, Lemma 4 implies that the word problem of L can be computationally reduced to the computability property of the group G with respect to the generating set X. In other words, last observation and Lemma 4 imply that K has a decidable word problem if and only if the group G is computable with respect to the generating set X, because the word problem of L is simply being reduced to the computability property of G.
On the other hand, for any word u from the alphabet {f can recursively find all the words in the alphabet {f ±1 , s ±1 } whose triviality in K is being reduced to the triviality of u in L according to the criterion from Lemma 4. Therefore, K has a recursive presentation if and only if G has a recursive presentation with respect to the generating set X.
Lemma 5. Let G be a subgroup of a wreath product AW rB of two pre-, left-, or bi-orderable groups such that for each f ∈ A B and b ∈ B, f b ∈ G implies that supp(f ) is well-orderable with respect to an order on B. Then the group G is correspondingly pre-, left-, or bi-orderable.
Moreover, if G is computable, A and B possess computable orders A and B respectively, and the set {f b ∈ G | 1 ≺ A f (x 0 ) | x 0 = min{x ∈ supp(g)}} is recursive, then G has a computable order.
Proof. The first statement is shown in [7] .
Proof of the second statement: As for the first part, define f 1 b 1 ≺ G f 2 b 2 if either b 1 ≺ G b 2 or b 1 = b 2 and f 1 = f 2 and min{x ∈ supp(f 1 f −1
2 )} ≺ A 1. Therefore, since G and B are computable and, by our assumption, {f b ∈ G | 1 ≺ A f (x 0 ) | x 0 = min{x ∈ supp(g)}} is recursive, we get that G is a computable order.
